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Abstract A static spherically symmetric black hole usu-
ally turns out to be either a Schwarzschild black hole or a
Reissner-Nordström black hole. This result was summarised
by Ruffini and Wheeler as the so-called no hair conjecture
which states that for a spherically symmetric black hole only
the information about mass (M) and electric charge (e) of
the black hole is available for an external observer. In this
work, we calculate the emission rate of charged particles
from an asymptotically flat charged spherically symmetric
black hole endowed with a scalar hair using a semi-classical
tunneling formalism. We observe that the total entropy of
the black hole contains an energy-dependent part due to the
scalar charge. The upper bound on the charge-mass ratio of
the emitted particles is also observed to decrease with the
scalar charge as well.
Keywords Hawking Radiation · Tunneling · Scalar hair ·
Charge-Mass ratio
1 Introduction
Black holes are fascinating offshoots of general relativity,
unmatched in their elegance and complexity. The recent de-
tections of gravitational waves by LIGO and Virgo[1–7] and
the recently obtained “image" ofM87* black hole at the cen-
tre of the M87 galaxy by the Event Horizon Telescope[8]
have quite conclusively established that black holes are not
merely mathematical constructs but actual physical entities.
In 1974, Hawking[9] showed that “black holes” are not “en-
tirely black”; they spontaneously emit particles at a temper-
ature proportional to their surface gravity. Since then var-
ious derivations of Hawking radiation have been proposed.
In particular, Parikh andWilczek[10] used the semi-classical
tunneling formalism to study Hawking emission of massless
ae-mail: ac13ip001@iiserkol.ac.in
uncharged particles from the Schwarzschild and Reissner-
Nordström (RN) black holes. According to this formalism,
the black hole loses energy due to radiation and thereby de-
creases its horizon radius. Thus, the outgoing particle cre-
ates a potential barrier by itself (see Ref. [11–13]). Using
WKB approximation one can evaluate the emission rate from
the imaginary part of the action of the outgoing particles.
The tunneling method has since been used to study Hawk-
ing radiation from a wide variety of black holes. Zhang and
Zhao[14] extended the tunneling method to study the emis-
sion of massive charged particles from Reissner-Nordström
black holes. Later, Jiang and Wu[15] used tunneling formal-
ism to study Hawking radiation of charged particles from
Reissner-Nordström-deSitter black hole. Tunneling of charged
particles in the modified RN black hole was studied by Liu
[16]. Jiang,Wu and Cai[17] studied the tunneling of parti-
cles from Kerr and Kerr-Newman black holes. Jiang, Yang
and Wu[18] also studied the tunneling of charged particles
from Reissner-Nordström black holes of arbitrary dimen-
sions. Jiang and Wu[19] studied the tunneling of charged
particles fromReissner-Nordström-deSitter black holes with
a global monopole. Sarkar and Kothawala[20] gave a gener-
alised treatment of Hawking radiation as tunneling for asymp-
totically flat, spherically symmetric black holes. Tunneling
mechanism has also been extensively used to study Hawk-
ing radiation from numerous other black holes (for example,
see Refs. [21–24]). Tunneling of Dirac particles from black
rings was studied in Ref. [25]. Jiang, Chen and Wu[26] also
studied the tunneling of massive particles from the cosmo-
logical horizon of a Schwarzschild-de Sitter black hole.The
general outcome of all these investigations is the non-thermality
of the Hawking emission spectrum. For a detailed review of
the tunneling mechanism, we refer the reader to Ref. [27].
The question of information loss has also been addressed
using the tunneling formalism. Using logarithmic correc-
tion to the Bekenstein-Hawking entropy, Chen and Shao[28]
2showed that in a black hole evaporation process unitarity is
preserved and the information loss paradox can be success-
fully resolved. Singleton et al.[29] showed that if the back
reaction and the quantum corrections are taken into account,
the information can be carried away by the correlations of
the outgoing radiation during complete evaporation of the
black hole and the information loss paradox can be solved.
Sakalli et al.[30] studied hawking radiation in linear dilaton
black holes and showed that no information is lost during
complete evaporation of the black hole.
In the present work, we employ the tunneling method
to study Hawking radiation of charged particles from an
asymptotically flat static spherically symmetric charged black
hole, endowed with a scalar hair, dubbed as the scalar-hairy
RN black hole[31]. The scalar charge comes as an addi-
tive correction to the square of electric charge and can sur-
vive even in the absence of the electric field. For negative
values of the scalar charge in the absence of the electric
charge, or even if the negative scalar charge exceeds in mag-
nitude the square of the electric charge, the metric reduces
to that of a mutated Reissner-Nordström spacetime, leading
to an Einstein-Rosen bridge[32] . The quasinormal modes
of scalar and Dirac fields for this spacetime have been stud-
ied by Chowdhury and Banerjee[33] for both positive and
negative values of the scalar charge. The superradiant sta-
bility of this spacetime has been studied in Ref. [34]. The
primary objective of the present work is to study the effect of
the scalar hair on the transmission rate of charged Hawking
quanta. Based on the non-negativity of mutual information
between consecutive Hawking emissions (see Ref. [35, 36]),
we also find the dependence of the charge to mass ratio of
the emitted particles on the scalar charge s in each step.
We observe that the change in entropy of the scalar-
hairy RN black hole due to the emission of charged par-
ticles contains an additional energy-dependent contribution
which vanishes during emission of uncharged particles and
also in the absence of the scalar hair. The tunneling rate for
the emission of charged particles from the scalar-hairy RN
black hole matches smoothly with that of the standard RN
black hole, in the absence of the scalar hair.
The paper is organised as follows. We start with a brief
description of the background spacetime in Sec.2. Sec.3 deals
with the derivation of the emission rate of charged scalar
particles from the scalar-hairy RN black hole. In Sec.4, we
show the dependence of the upper bound of the charge-mass
ratio of the particles, emitted in each step, on the scalar
charge. Finally, in Sec.5 we discuss the results that we ar-
rive at.
2 The Scalar-hairy-Reissner-Nordström black hole
We consider an action in which gravity is coupled toMaxwell
field F µν and conformally coupled to a scalar field ψ ,
I =
1
16piG
∫
d4x
√−g[R−FµνF µν
−8piG
(
▽µψ▽µ ψ + R
6
ψ2
)]
.
(1)
The Einstein equations obtained by extremizing this action
admits an asymptotically flat Reissner-Nordström type solu-
tion, endowed with a scalar hair s [31],
ds2 =− f (r)dt2R + f (r)−1dr2+ r2
(
dθ 2+ sin2 θdφ2
)
, (2)
with
f (r) =
(
1− 2M
r
+
e2+ s
r2
)
, (3)
ψ = ±
√
6
8piG
√
s
s+ e2
, (4)
where M and e are respectively the mass parameter and elec-
tric charge of the black hole. The total energy-momentum
tensor of the electromagnetic field and the scalar field is
given by
T
µ
ν =
e2+ s
r4
diag(−1,−1,1,1). (5)
The scalar field ψ comes out to be a constant; however, its
contribution to the geometry is non-trivial. It is interesting
to note that the scalar field ψ can survive independently of
the electromagnetic field; hence, the scalar hair is a primary
hair. Further, the energy-momentum tensor due to the scalar
field being traceless, the existence of this hair is consistent
with the theorem given in Ref. [37].
The energy-momentumtensor of the scalar-hairy RN space-
time satisfies both the dominant and strong energy condi-
tions for s > −e2. For this work, we will assume s > 0, so
this condition is satisfied. Henceforth, we will also assume
G = c = kB = h¯ = 1.
The scalar-hairy RN spacetime, Eq. (2), is characterised
by an event horizon at r+ and a Cauchy horizon at r− where
r± = M±
√
M2− e2− s . (6)
The spacetime suffers from coordinate singularities both at
the event horizon at r+ and at the inner horizon at r− . To
eliminate these singularities at r±, we introduce the gener-
alised Painlevé transformation,
t = tR + 2
√
2Mr− e2− s+M ln
(
r−
√
2Mr− e2− s
r+
√
2Mr− e2− s
)
+
e2+ s− 2M2√
M2− e2− s tanh
−1
(√
M2− e2− s
√
2Mr− e2− s
Mr− e2− s
)
,
3(7)
which transforms the scalar-hairy RN metric (Eq. (2)) to
ds2 =− f (r)dt2+ 2
√
1− f (r)dtdr+ dr2+ r2dθ 2
+ r2 sin2 θdφ2.
(8)
The line element in Eq. (8) highlights the static but non-
stationary character of the spacetime. We will use this line
element to study the emission of massive charged particles
from the scalar-hairy RN black hole using the semi-classical
tunneling formalism (see Ref. [10, 11, 14]).
3 Tunneling rate of charged particles
The tunneling of particles across a potential barrier being an
instantaneous phenomenon, the metric must obey Landau’s
condition of coordinate clock synchronisation[38]. During
tunneling two events occur simultaneously, a radially mov-
ing particle tunnels into the barrier while another particle
tunnels out of the barrier. According to Landau’s theory of
coordinate clock synchronisation, the coordinate time dif-
ference between two simultaneous events, occurring at two
different space points is given by [14],
dt =−g01
g00
drc , (dθ = dφ = 0) , (9)
where rc is the position of the tunneling particle. Following
[14, 15, 17, 39–41], we consider the outgoing charged par-
ticle to be represented by a de Broglie s-wave whose phase
velocity vp is related to its group velocity vg as,
vp =
vg
2
. (10)
The group velocity of a de Broglie s-wave representing an
outgoing charged Hawking quanta is given by,
vg =
drc
dt
=−g00
g01
=
e2− 2Mr+ r2+ s
r
√
−e2+ 2Mr− s , (11)
which results in a phase velocity of
r˙ = vp =
e2− 2Mr+ r2+ s
2r
√
−e2+ 2Mr− s . (12)
The electric charge of the black hole gives rise to an elec-
tromagnetic field Fµν , given by the vector potential Aµ =
−δ 0µ (e/r). The Lagrangian of this electromagnetic field is
Le =− 14FµνFµν . However, Le being independent of the cor-
responding generalised coordinates Aµ = (At ,0,0,0), there
exists a gauge freedom in the choice of At . To eliminate this
freedom,we write the action of an outgoing chargedmassive
particle as[14, 38]
A =
∫ t f
ti
(
L−PAt A˙t
)
dt , (13)
where PAt is the canonical momentum conjugate to the gen-
eralised coordinate At and L is the total Lagrangian of the
matter-gravity system. When a particle of charge q and mass
ω tunnels out of the event horizon the electric charge of
the black hole changes from e → e− q and the ADM mass
changes from MADM → MADM −ω . The imaginary part of
the corresponding action can thus be written as
Im A = Im
{∫ r f
ri
(
Pr r˙−PAt A˙t
) dr
r˙
}
= Im
{∫ r f
ri
[∫ (PrPAt )
(0,0)
(
dP′r r˙− A˙tdP′At
)] dr
r˙
}
,
(14)
where ri and r f are the position of the event horizon before
and after the tunneling of the charged Hawking quanta. Us-
ing Hamilton’s equations,
r˙ =
dH
dPr
∣∣∣∣
(r;At ,PAt )
(15)
and A˙t =
dH
dPAt
∣∣∣∣
(At ;r,Pr)
, (16)
with
dH|(r;At ,PAt ) = d (MADM−ω
′) =−dω ′ (17)
and dH|(At ;r,Pr) = e−q
′
r
d(e− q′) =− e−q′
r
dq′, (18)
we rewrite the Eq. (14) as
Im A =−Im
[∫ r f
ri
(∫ ω
0
dω ′−
∫ q
0
e− q′
r
dq′
)
dr
r˙
]
. (19)
The ADM mass MADM is related to the mass parameter
M as
MADM =
M
1+ s/e2
. (20)
Since s >−e2, MADM is always positive definite and for the
standard RN black hole (s = 0), it is equal to the mass pa-
rameter M. However, in the limit of e→ 0, MADM vanishes.
Substituting Eq. (20) in the expression of r˙ in Eq. (12)
with MADM →MADM−ω ′ and e→ e− q′ we get
r˙ =
−2r(MADM−ω ′)
(
s
(e−q′)2 + 1
)
+(e− q′)2+ r2+ s
2r
√
2r(MADM−ω ′)
(
s
(e−q′)2 + 1
)
− (e− q′)2− s
.
(21)
Eq. (19) in conjunction with Eq. (21) yields
Im A =−Im
[∫ r f
ri
(∫ ω
0
dω ′−
∫ q
0
e− q′
r
dq′
)
2r
√
2r(MADM−ω ′)
(
s
(e−q′)2 + 1
)
− (e− q′)2− s(
r− r′+
)(
r− r′−
) dr
]
,
4(22)
where
r′± = (MADM−ω ′)
(
s
(e− q′)2 + 1
)
±
√
(MADM−ω ′)2
(
s
(e− q′)2 + 1
)2
− (e− q′)2− s ,
(23)
ri = MADM
( s
e2
+ 1
)
+
√
M2ADM
( s
e2
+ 1
)2
− e2− s , (24)
r f = (MADM −ω)
(
s
(e− q)2 + 1
)
+
√
(MADM−ω)2
(
s
(e− q)2 + 1
)2
− (e− q)2− s .
(25)
Interchanging the order of integrations in (22), we note that
the r - integral has a pole at r′+. Deforming the contour
around this pole we obtain,
Im A = pi
(∫ ω
0
2r′+
2
r′+− r′−
dω ′−
∫ q
0
2r′+ (e− q′)
r′+− r′−
dq′
)
. (26)
The First law of black hole mechanics for a scalar-hairy
RN black hole is
dMADM =
κ
8pi (1+ s/e2)
dA+Φ
[
1+
s
r−2
]
de , (27)
where A is the area of the event horizon, κ is the surface
gravity and Φ is the electric potential at the horizon,
A = 4pir+
2 , κ =
r+− r−
2r+2
, Φ =
e
r+
. (28)
Using the First law (27), the integral in (26) can be writ-
ten as,
Im A =−pi
2
∫ (ω,q)
(0,0)
d
(
r′+
2
1+ s
(e−q′)2
)
− ∆Sω
2
, (29)
where
∆Sω =−2pis
∫ q
0
(e− q′)
r′−2
r′++ r′−
r′+− r′−
dq′. (30)
Thus, we get
Im A = −pi
2
[
r2f
1+ s
(e−q)2
− r
2
i
1+ s
e2
]
− ∆Sω
2
(31)
= −1
2
(∆SBH +∆Sω) , (32)
where
∆SBH =
(
pi
r2f
1+ s
(e−q)2
−pi r
2
i
1+ s
e2
)
, (33)
is the change in the Bekenstein-Hawking entropy[42, 43] of
the scalar-hairy RN black hole, SBH = A/(4G˜) =
A
4(1+s/e2)
.
The tunneling rate is given by
Γ = e−2Im A = e∆Scharged , (34)
where
∆Scharged = ∆SBH +∆Sω , (35)
is the total change in entropy of the scalar-hairy RN black
hole due to the emission of massive charged particle.
For the emission of uncharged particles, ∆Sω = 0 and
we get the tunneling rate as
Γ = e∆SBH with
∆SBH =
pi
1+ s/e2
[(
(MADM−ω)
( s
e2
+ 1
)
+
√
(MADM−ω)2
( s
e2
+ 1
)2
− e2− s
)2
−
(
MADM
( s
e2
+ 1
)
+
√
M2ADM
( s
e2
+ 1
)2
− e2− s
)2 .
(36)
In case of vanishing scalar hair, s = 0, we recover the tun-
neling rate for standard Reissner-Nordström black hole [10,
14].
Expanding both the terms on the RHS of Eq. (31) to
leading orders in ω and q,
∆SBH =−
2pi
(
MADM
(
s
e2
+ 1
)
+
√
M2ADM
(
s
e2
+ 1
)2
− e2− s
)2
√
M2ADM
(
s
e2
+ 1
)2
− e2− s
×
[
ω− eq
MADM
(
s
e2
+ 1
)
+
√
M2ADM
(
s
e2
+ 1
)2
− e2− s
− qsMADM
e(e2+ s)
]
,
(37)
∆Sω =−2pi qsMADM
e(e2+ s)
√
M2ADM
(
s
e2
+ 1
)2
− e2− s
×
(
MADM
( s
e2
+ 1
)
+
√
M2ADM
( s
e2
+ 1
)2
− e2− s
)2
,
(38)
5we get the tunneling rate as
Γ ∼ e−β (ω−ω0) , (39)
where β = 1/TBH is the inverse of the black hole tempera-
ture,
β =
2pi
(
MADM
(
s
e2
+ 1
)
+
√
M2ADM
(
s
e2
+ 1
)2
− e2− s
)2
√
M2ADM
(
s
e2
+ 1
)2
− e2− s
(40)
and
ω0 =
eq
MADM
(
s
e2
+ 1
)
+
√
MADM
(
s
e2
+ 1
)2
− e2− s
. (41)
As Eq. (39) includes only the leading order, Hawking radia-
tion has an approximately thermal spectrum.
Fig.1 shows the plot of the black hole temperature with
respect to the scalar and electric charges.
From Fig.1 we observe that for a constant electric charge,
the black hole temperature TBH decreases very rapidly with s
but reaches a plateau quickly. For non-zero scalar charge, the
black hole temperature rises with the electric charge, reaches
a plateau and sharply falls to zero as the extremal value of
the electric charge, eext =
√√
M2ADM
(
M2ADM + 4s
)
+M2ADM/
√
2 ,
is approached. At sufficiently small values of e, TBH be-
comes vanishingly small.
4 Charge-mass ratio bound from Mutual information of
successively emitted charged Hawking quanta
As already seen in Sec.3, the Hawking radiation spectrum is
not strictly thermal, the emission in each step depends on the
previous one. A quantity of importance in such a scenario is
the “Mutual Information", as defined in Refs. [35, 36],
SMI =∆Scharged (MADM,e;ω2,q2|ω1,q1)
−∆Scharged (MADM,e;ω2,q2) ,
(42)
where ω1, ω2and q1, q2 are the mass and charge of two
consecutive emissions, ∆Scharged (MADM,e;ω2,q2|ω1,q1) is
the change in entropy of the black hole due to the emission
ofrticle of mass ω2 and charge q2 considering a previous
emission of mass ω1 and charge q1. SMI gives a measure
of the correlation between two consecutive emission. The
conservation of energy in the tunneling method automati-
cally ensures the conservation of information[35]. The non-
negativity of mutual information during emission of two suc-
cessive Hawking quanta gives rise to bounds on the charge
to mass ratio of the emitted particles.
Far away from extremality, in the non superradiant regime,
in the limit of large black hole mass and charge, MADM ≫
{ω1,ω2}; e≫{q1,q2} and MADM ≫ e,s, the non-negativity
condition yields,
qi
ωi
≤ 1
e3
[√
2
√
2s2 (MADM−ωi)2+ e4 (s+ e2)
− 2s(MADM−ωi)
]
,
(43)
which can be written as
qi
ωi
≤−2sMADM
e3
+
√(
2sMADM
e3
)2
+ 2(1+ s/e2) , (44)
where, for convenience, we have chosen ω1 = ω2 = ωi and
q1 = q2 = qi . In the absence of the scalar hair (s = 0), Eq.
(44) reduces to qi/ωi ≤
√
2 , which matches exactly with
the charge-mass ratio for the RN black hole, obtained in
Ref. [36]. In order to obtain Eq. (44), we expanded the inte-
grand in Eq. (30) to leading orders in ω and q′ as the inte-
gration is otherwise difficult to perform.
Fig.2 shows the variation of the upper bound on the charge-
mass ratio with the scalar and electric charges of the black
hole. We observe that at a fixed electric charge of the black
hole, for smaller values of the scalar charge, the upper bound
on the charge-mass ratio decreases with s ; however, the rate
of fall decreases with the increase in the scalar charge. On
the other hand, for non-zero scalar charge, the maximum
possible charge-mass ratio increases with the electric charge
of the black hole and approaches that for the standard RN
black hole.
5 Summary and Discussion
In this paper, we studied the problem of Hawking emission
of massive charged particles from a spherically symmetric
charged black hole endowed with a scalar hair using the
semi-classical tunneling formalism. The black hole is very
similar to the standard Reissner-Nordström black hole but
with an additional scalar hair (See Refs.[31, 33, 34]). The
presence of the scalar hair gives rise to an effective Newto-
nian constant, G˜ = G
(
1+ s/e2
)
and an ADM mass, differ-
ent from the mass parameter M (see Eq. (20)). It is inter-
esting to note that in the limit of vanishing electric charge,
the ADM mass of the black hole goes to zero which is due
to the fact that the effective Newtonian constant G˜ blows
up as e → 0. This suggests that the scalar-hairy RN black
hole cannot radiate away its electric charge and settle down
to a scalar-hairy (electrically) uncharged distribution. This
is consistent with the following thermodynamic considera-
tion. We note that for any positive value of the scalar charge,
the black hole temperature becomes vanishingly small at
sufficiently small values of the black hole electric charge
6e
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(see Fig.1) and thus according to the Third Law of black
hole thermodynamics[44], it is impossible for the scalar-
hairy RN black hole to radiate away its electric charge in
any finite number of steps.
The total change in entropy of the scalar-hairy RN black
hole due to the emission of the massive charged particle con-
tains a ω-dependent contribution due to the scalar charge
(see Eqs. (30), (33) and (35)). The emission rate, (see Eq.
(34)) matches smoothly with that for the standard Reissner-
Nordström black hole (see Ref. [14]) in the limit of vanish-
ing scalar charge s. The emission rate for uncharged mass-
less particles obtained by putting q = 0 in Eq. (34) (see Eq.
(36)) is also of the same functional form as that derived us-
ing the geodesic equation. We also note that the Hawking
emission spectrum deviates from pure thermality. This is
consistent with the generic results found in the investiga-
tions [10–26, 39] and the recent findings that the quantum
process involved in Hawking radiation is unitary, meaning a
pure state to pure state transition[28–30, 45, 46].
It is important to note that using the modified geodesic
equation instead of the Eq. (10) as suggested by Pu and
Han[47] also yields the same expression of the tunneling
rate.
We also studied the mutual information stored in con-
secutive Hawking emission. Demanding non-negativity of
the mutual information, we observed that the maximum al-
lowed charge-mass ratio of the emitted particles decreases
with the scalar charge of the black hole.
It will be interesting to study the effect of Lorentz sym-
metry breaking on quantum tunneling in other black hole so-
lutions such as those in bumblebee gravity. A few investiga-
tions have already been done in this direction (see Ref. [48–
50]).
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